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Background

p Graph data are everywhere! 
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Social Network Internet

Road Network IoT Network



Cohesive subgraph Structure
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Real-life networks often contains cohesive subgraph structures

Blog Network PPI Network Twitter Social Network



Existing cohesive subgraph models

5

k-core

Minimum degree
on Nodes

k-truss

Minimum number 
of triangles
on Edges

h-clique k core
(h=3)

Minimum number 
of h-clique
on Nodes



Existing cohesive subgraph models
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Comparison between cohesive subgraph models

Models cohesiveness 
measures 🙂 🙁

k-core Minimum degree
Low complexity

Really fast
Cannot locate 
denser regions

h-clique 
k core

Minimum number 
of motifs (h-clique)

Higher-order

 graph analysis

High complexity

Costly computationh-clique
densest subgraph

Average number 
of motifs (h-clique)



Our contributions

p The colorful h-star core model, which is a 
relaxation of the h-clique core model, can be 
applied to higher-order graph analysis.

p DP algorithm to compute  and 
     novel updating technique to update 
     the number of colorful h-stars for each node. 
     (in near-linear time)

p We conduct extensive experiments on 11 large 
real-life datasets and a case study on DBLP, to 
evaluate our algorithms. 
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New model

Novel
algorithms

Extensive 
experiments



colorful ℎ-star 
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Coloful h-star: nodes in 
a star have different colors

colorful 4-star colorful 5-star

Coloring the graph 
(two adjacent nodes 
have different colors) 



Motivation
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Nodes within an h-clique 
have different colors

Any h-star in a h-clique 
must be colorful

A colorful h-star in G is 
more likely to be an h-clique
(induced subgraph)

A colorful h-star is a relaxed definition of h-clique

The subgraph induced by 
{V1, V3, V4, V5} is a 4-clique.



Colorful h-star degree
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Colorful 3-star degree of V5 = 13

Colorful h-star degree of u
the number of colorful h-stars centering on u 



Colorful h-star core
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Colorful h-star k core
The maximal subgraph in which  the colorful h-star 
degree of each node  is at least k

colorful h-star cores h-clique cores

Have the same cores
in this example

The colorful h-star core 
is a good approximation 
of h-clique core



Colorful h-star core

The h-clique Kmax core has been proved to be a 𝟏𝒉-approximation  
solution to h-clique densest subgraph problem.

Therefore, our colorful h-star core can also provide a good 
approximation.
Challenge
We can use a peeling-style algorithm to compute each colorful 
h-star core, i.e. colorful h-star core decomposition, but 

1. how to compute the colorful h-star degree of each node? 
Using DP algorithm

2. how to update neighbors’ colorful h-star degrees after 
removing a node? Using updating algorithm



Colorful h-star core
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Compute colorful ℎ-star degree DP(𝑖, 𝑗): choose j neighbors with 
different colors from the first i groups   Given a node u, divide u’s neighbors 

into groups according to their colors
Case 1: only choose nodes from the first 

(i-1) groups 
Case 2: choose a node from the i-th 
 color group

Case 1 Case 2
Time complexity
𝑂 ℎ	×min 𝜒, 𝑑# 𝐺
𝜒 : the number of different colors 
used by the coloring algorithm



Colorful h-star core
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Updating colorful ℎ-star degree 

Observation

After removing a neighbor v of u,
how to avoid recomputing the colorful 
h-star degree of u from scratch?

Removing v
will reduce cnt( color(v) )
only affects Case 2 

Case 1 Case 2

Idea: 
Decompose the DP equation 
into two different cases



Colorful h-star core
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Updating colorful ℎ-star degree 

Idea: Decompose the DP equation into two different cases

Given a node u, a color 𝝌′
𝐺(𝑖) and 𝐹(𝑖) denotes the 
number of two types of 
colorful h-stars. 

𝐺(𝑖): has a node with color 𝝌′
𝐹(𝑖): not have a node with color 𝝌′

𝐷𝑃 𝑖 = 𝐹 𝑖 + 𝐺(𝑖)

After removing a neighbor, only 
𝐺(𝑖) needs updating.  



Colorful h-star core
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Updating colorful ℎ-star degree 

Removing a neighbor v,
three steps to update u

restore

update

regenerate
Time complexity

𝑂 ℎ	



Experiments

p Datasets
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various domains
1. online social networks
2. collaboration networks
3. internet topology graphs
4. scientific computing networks



Experiments
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Comparison between algorithms with and without the updating technique

1. Colorful h-star core decomposition
recomputing
updating algorithm
Binary search for the Kmax core



Experiments
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Scalability on medium-sized and massive graphs

1. Colorful h-star core decomposition



Experiments
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Memory overhead on different datasets (h = 4, 6)

1. Colorful h-star core decomposition



Experiments
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2. h-clique densest subgraph problem

HStarPP
a graph reduction technique based   
on the colorful h-star core 
model(with theoretical guarantee)

HStarMPP
a heuristic approach using the 
colorful h-star Kmax core as an 
approximation solution

We proposed two algorithms



Experiments
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2. h-clique densest subgraph problem

Runtime

Relative errors



Experiments
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2. h-clique densest subgraph problem

The power of graph reduction techniques



Experiments
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2. h-clique densest subgraph problem
The effects of graph colorings

Degree Coloring the nodes following a non-increasing 
ordering of degree.

Degen Coloring the nodes following an inverse degeneracy 
ordering.

FF Coloring the nodes in the order they appear in the 
input graph representation.

SD Coloring an uncolored node whose colored neighbor 
nodes use the largest number of distinct colors.



Experiments
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2. h-clique densest subgraph problem
The effects of graph colorings

Nodes’ distributions of colorful h-star cores

Nodes’ distributions of h-clique cores



Experiments
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2. h-clique densest subgraph problem
The effects of graph colorings

The performance of coloring algorithms
Performance of HStarMPP with 
various graph coloring tehcniques
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Thank you!


