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Background

p Graph data are everywhere! 
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Social Network Internet

Road Network IoT Network



Cohesive subgraph Structure
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Real-life networks often contains cohesive subgraph structures

Blog Network PPI Network Twitter Social Network



Three 4-cliques

K-clique listing

p K-clique 
l K-clique is a subgraph with k nodes such that each pair of nodes is 

connected with an edge.

p K-clique listing problem
l Enumerating all k-cliques in a graph

p Applications
l K-clique percolation to detect 
    overlapping communities
l Detect the higher-order organization in networks
l Nucleus decomposition to reveal 
    the hierarchy of dense subgraphs
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Motivation

p A comprehensive experimental evaluation of various 
algorithms appears elusive 

p Existing studies are incomplete by
l only considering a subset of algorithms
l not applying to list general k-cliques
l exploring many unpromising search paths in the k-clique listing 

procedure
It is difficult for a practitioner to determine which k-clique 
listing algorithm should be used for a specific application
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Our contributions
p A thorough experimental study of the known algorithms for 

listing/counting k-cliques using a variety of large real-world 
graphs

p We propose a new color ordering heuristics, based on which we 
develop three color-ordering based algorithms for k-clique 
listing

p We also evaluate the parallel variants of all ordering-based 
algorithms
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Summary of different algorithms
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Evaluating 14 different algorithms (10 for general k-clique 
listing, 4 proposed by ours)



The Chiba-Nishizeki Algorithm

9Complexity: O(kmαk-2)             Not easy to be parallelized! 



Existing ordering-based algorithms
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Degree ordering 

Construct a total ordering 
by sorting the nodes in an 
non-decreasing of degree

Degeneracy ordering
The degeneracy ordering, 
obtained by the core-
decomposition algorithm.

Complexity: O(km(η/2)k-2)         

Complexity: O(km(δ/2)k-2)         

Easy to be parallelized! 



Color ordering heuristics
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Degree-based color ordering: 
invokes the greedy coloring procedure to 
color the nodes following a non-increasing 
ordering  of degree.

Degeneracy-based color ordering: 
uses an inverse degeneracy ordering to 
color the nodes.

Step 1: Coloring the graph

Step 2: Low-color node points 
to its high-color neighbors 



Color-ordering based algorithms
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Advantages:
• Can prune unpromising 

search paths using the color-
based pruning rule.

• Can listing k-clique with a 
large k value 

Complexity: O(km(dmax/2)k-2)

Easy to be parallized!         



Color-ordering based algorithms
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Advantages:
• Can prune unpromising 

search paths using the color-
based pruning rule.

• Can listing k-clique with a 
large k value 

Complexity: O(km(dmax/2)k-2)
Can be further optimized to  
O(km(δ/2)k-2)

Easy to be parallized!         



Other Algorithms

p TuranSD 
l The Turán-Shadow algorithm involves two sub-procedures: 
ShadowConstruction and Sampling. In the ShadowConstruction 
procedure, the algorithm constructs a data structure called Turán-
Shadow based on the classic Turán theorem.

p ERS  
l The ERS algorithm is based on a query model where a query 

algorithm can randomly perform three queries on the graph: 
(1)degree queries, (2) neighbor queries, (3) pair queries. 

l The time complexity of the ERS algorithm is sublinear with respect 
to the graph size. 14



Experiments

p Datasets
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Small-ω 
graphs

Large-ω 
graphs



p Runtime for listing all k-cliques on small-ω graphs
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Experiments

Our color-ordering based algorithms are much faster than the state-of-the-art algorithms.



Experiments
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Results on small-ω graphs with varying k 



Experiments
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Results on large-ω graphs with varying k 



Experiments
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Results on large-ω graphs with varying k (for large k values) 



Experiments
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Memory usage of different algorithms



Experiments
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Evaluation of the parallel algorithms



Evaluation of approximation algorithms
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Relative errors

Runtime



Summary and recommendation
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Summary and recommendation
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A decision tree to select a proper algorithm
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Thank you!


