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Graph data are everywhere! 

Social Network Internet

Road Network IoT Network
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Real-life networks often contains cohesive subgraph structures

Blog Network PPI Network Twitter Social Network
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Existing cohesive subgraph models

k-core k-truss

h-clique k core (h=3) colorful h-star k core (h=3)
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Comparison between cohesive subgraph models
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Models Minimum 
Unit

Analysis
Type 🙂 🙁

k-core Node Lower-order
Low complexity Cannot locate 

complex regions
k-truss Edge Lower-order
h-clique 
k core h-clique Higher-order Higher-order analysis Costly 

computation

Colorful 
h-star k 
core 

colorful 
h-star Higher-order Higher-order analysis

Efficient ___
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Existing algorithms compute colorful h-star cores by Peeling

• Low scalability 
(inherently sequential)

Limitations

• Low efficiency for dynamic graphs 
(compute from scratch)
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Our contributions

New Concept Colorful ℎ-star 𝑛-order H-index, with a thorough 
theoretical analysis

Novel Algorithms

• H-index based Core decomposition
Parallel local algorithm
Three optimizations

• H-index based Core maintenance
Tight lower and upper bounds for edge update

Extensive
experiments

• Experiments on 14 large datasets, three orders of 
magnitude speedup

• Case studies on 4 real-world graphs
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A colored graph and its colorful 3-star cores
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Observation
The core number of 𝑢 (𝑐!) can be computed 
only from the core numbers of its neighbors

This computation has two cases:
1) count colorful ℎ-stars only on the 
neighbors with larger core numbers than 𝑢. 
(𝑐"! can be derived from 𝑣# and 𝑣$)

2) Set it to the core number of one of 𝑢 ’s 
neighbors. (𝑐"" = 𝑐"#)
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Colorful ℎ-star 𝑛-order H-index
For a node 𝒖, define 𝑯!

(&) 𝐺, ℎ  following recurrence relation.

Case 2 Case 1

Here 𝑷(&) is a neighbor index of the sorted adjacency list. 
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Colorful ℎ-star 𝑛-order H-index
Theoretical Analysis

• MONOTONICITY
𝑯!
(&) 𝐺, ℎ ≤ 𝑯!

(&(𝟏) 𝐺, ℎ

• CONVERGENCE
lim
𝒏→,

𝑯!
(&) 𝐺, ℎ = 𝒄𝒖(𝑮, 𝑺)

• THEORETICAL  CONVERGENCE BOUND
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Parallel Algorithm for Colorful ℎ-star 
Core Decomposition

Neighbors’ 0-order H-index 𝒗𝟏’s 1-order H-index 

Example
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Three Optimizations

Optimization Type Design Goal

Asynchronous computing
Inter-iteration Reduce the number of iterationsProcessing ordering 

heuristic

Pruning technique Intra-iteration Avoid redundant computations 
within an iteration
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Three Optimizations
1. Asynchronous computing

In the 𝑖-th iteration, H-index computation consider neighbors’ H-index 
in both the (𝑖-1)-th and the 𝑖-th iteration.

2. Processing ordering heuristic
For nodes of large degrees, more neighbors are processed in 
the 𝑖-th iteration, smaller H-indexes they will get. 

3. Pruning technique
Compute H-index based on part of neighbors
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Parallel Algorithm and Optimizations Running on the 
Example Graph ( ℎ = 3, R: computation pruned )
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Challenges of colorful ℎ-star core maintenance problem 

For each edge update (Deletion/Insertion)

• Recomputing core numbers of all nodes from scratch is costly.

• Identifying unaffected nodes is quite hard.

• The changes of core numbers may be much larger than 1.

Solution - two-stage updating algorithms
1. Identify affected nodes based on our proposed theorems.

2. Accelerate the convergence of updating these nodes by designing lower and 

upper bounds based on original core numbers.
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Experiments

• 14 large real-world graphs 
with billions of edges

• Various domains 
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Convergence Evaluation (Overview)
Our best method OPT∗ takes the least iterations and time.
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Convergence Rate over Iterations
Three optimizations works independently for accelerating convergence. 
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Parallelization Performance Evaluation
Our algorithms all achieve a significantly high degree of parallelism.
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Maintenance Evaluation - Random Edge Update
Both edge deletion and insertion algorithms achieve three orders of magnitude speedup.

Edge Deletion Edge Insertion
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Maintenance Evaluation - Skewed Edge Update
Skewed Updates: The edge deletion/insertion that affects the most nodes.

Updating time of skewed updates on graphs with skewed structures 

• All methods take more time for skewed updates.
• Our algorithms still outperform the baseline.
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Case Study on Stack Overflow
Revelation of active users in social networks and real-time capture of graph changes
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Conclusion

• We study the parallel colorful ℎ-star core decomposition and 
maintenance problem.

• We design a new concept, based on which we develop efficient parallel 
algorithms and optimizations. Furthermore, they are extended for 
graph updates.

• Experimental results show our methods are significantly faster and 
more scalable than baselines.
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Thanks


